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Abstract 
Actuaries in insurance companies try to design a tariff structure that will fairly distribute the burden of claims among 
policyholders. Therefore they try to find the best model for an estimation of the insurance premium. The paper deals with an 
estimate of a priori annual claim frequency and application of bonus-malus system in the vehicle insurance. In this paper, 
analysis of the portfolio of vehicle insurance data using generalized linear model (GLM) is performed. Based on large real-world 
sample of data from 67 857 vehicles, the present study proposes a classification analysis approach addressing the selection of 
predictor variables. The models with different predictor variables are compared by the analysis of deviance. Based on this 
comparison, the model for the best estimate of annual claim frequency is chosen.  Then the bonus-malus (BM) system is used for 
each class of drivers and Bayesian relative premium is calculated. Finally a fairer premium for different groups of drivers is 
proposed. 
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1. Introduction 
 
Vehicle insurance is an insurance designed for cars, trucks, motorcycles, and other road vehicles. The process, by 
which insurers determine whether to insure an applicant and which premium to charge, is called vehicle insurance 
risk selection. The insurance premium is usually derived from an annual frequency of claims, which is modeled by 
using statistical data. This approach for computation of the premium can be found in Kaas (2009) and Ohlsson and 
Johansson (2010). The annual frequency of the claims is calculated from the number of the claims on a contract. 
They depend on many factors that are believed to have an impact on the expected cost of future claims. Those 
factors can include the car characteristics (vehicle body, vehicle age) and the profile of the driver (age, gender, 
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driving history). Based on the idea of Heller and Jong (2008) and Kaas (2009), we develop models for the vehicle 
insurance. It is convenient to achieve this by resorting to generalized linear models (GLM’s).  
In particular, we use GLM with the Poisson distributed response variable and with the logarithmic link function. 
Generalized linear models became very popular since their introduction in Nelder and Weddernburn (1972), 
primarily due to the ability to handle discrete data via an extension of the familiar Gaussian regression model to the 
models based on underlying exponential family of distributions. A basic notation, definition and framework of 
GLMs are described e.g. in Dobson (2002). For the wide overview on GLMs see the standard text Mccullagh and 
Nelder (1989). 
However, there are important factors that cannot be taken into account by generalized linear models: driving 
capacity, swiftness of reflexes, aggressiveness behind the wheel, knowledge of the highway code, drug abuse, etc.  
We can assume that these hidden factors are revealed by the number of claims reported by the policyholders over 
the successive insurance periods.  
For these reasons, insurance companies approach to individualization of risk and they use the 
Bonus-Malus system (BMS). Then the premium amount paid by the policyholder depends on the risk factors but 
also on the claims history. This problem is solved by Pitrebois, et al. (2004). 
The first aim of this paper is to develop a suitable model for an annual frequency of claims. Based on this model, 
the annual frequency of claims is estimated for each group of drivers. Then the bonus-malus system is used for each 
class of drivers and Bayesian relative premium is calculated. Finally a fairer premium for different groups of drivers 
is proposed. 
 
2. Methodology and Data 
 
The data used to illustrate this paper are related to vehicle insurance and can be found in Heller and Jong (2008). 
The data set is based on one-year vehicle insurance policies recorded in 2004 or 2005. There are 67 856 policies and 
4 624 of them (6,8%) had at least one claim. The total amount of claims is 4 937.  
The policies can be divided into groups on the basis of the risk factors: gender (male, female), age category (1-
youngest, 2, 3), area of residence (A, B, C), vehicle body type (1 (hatchback), 2 (others), 3 (sedan), 4 (station 
wagon)), vehicle value (three classes: 1(< 7500$), 2 (7500$-25000$), 3(>25000$)). We decided to choose only a 
few risk factors in order to simplify the presentation of the results. From these five risk factors and their values we 
get 216 groups. For each group, the total amount of exposure during the year (expo) and total of claims (numclaims) 
are known. We want to model the average number of claims per contract (numclaims/expo). 
We shall work with GLMs, specifically within Poisson regression framework.  We start with some definitions. 
Let Y be a random variable with mean denoted by μ and probability density function (p.d.f.) from the exponential 
family. Then the generalized linear model (GLM) is given by 
 
݃ሺߤሻ ൌ ࢞ࢼǡ 
 
where ݃ሺߤሻis the link function.  The link function ݃ሺߤሻ determines how the mean is related to the explanatory 
variables ࢞.  For more details see Mccullagh and Nelder (1989).  
Determining appropriate model is the basis of regression modelling. One important principle of regression 
modelling is the principle of simplicity. The simpler model, well describing the data, gets priority over the more 
complex model that describes the data almost perfectly. We shall compare GLMs by analysis of deviance.  
The deviance, denoted as ݀݁ݒ, is given by 
 
݀݁ݒ ൌ ʹሺ݈௠௔௫ െ ݈ሻǡ 
 
where ݈௠௔௫ is logarithm of the likelihood function of the full model and ݈ is logarithm of the likelihood function of 
the proposed submodel.  The deviances of the models are used for their comparison as described in the next 
theorem: Consider GLM with vector of parameters ࢼ࢓  and its submodel GLMsub  with ࢼࢗ , where q<m. If the 
submodel GLMsub is suitable, then the difference of deviances  
 
218   Silvie Kafková /  Procedia Economics and Finance  23 ( 2015 )  216 – 222 
ο݀݁ݒ ൌ ݀݁ݒ௦௨௕ െ ݀݁ݒ 
 
fulfills asymptotically ߯ଶdistribution with ሺ݉ െ ݍሻ degrees of freedom. 
Hence, for ο݀݁ݒ ൐ ߯ଵିఈଶ ሺ݉ െ ݍሻ we reject the assumption that the submodel is suitable. For the wide overview on 
analysis of deviance see Kaas (2009). 
 
3. Building a model of an annual claim frequency 
 
We try to find well-fitting GLM for the annual claim frequency in terms of the risk factors (gender, age category, 
area of residence, vehicle body type, vehicle value). We assume that, given risk factors, the number of claims per 
contract follows a Poisson distribution. Therefore we use GLM from Poisson family with log-link for data fitting.  
 
3.1. The choice of the best model 
 
In this subsection, the models with different risk factors are compared. In the following Table 1 we test the null 
hypothesis that adding a risk factor to our preceding model actually has no effect. The deviance (dev) for assessing 
the suitability of the proposed submodel is used. We assume the difference in dev between the preceding model and 
the proposed model has distribution with df degrees of freedom.  
 
Table 1. Comparison of the models 
Model specification df Dev Δdev Δdf 
1 215 367.25   
1+veh_value 213 359.35 7.9029 2 
1+area 213 362.45 4.8041 2 
1+gender 214 367.05 0.2005 1 
1+agecat 213 338.29 28.958 2 
1+veh_body 212 298.95 68.297 3 
1+agecat+veh_value 
1+agecat+veh_body 
1+agecat+veh_value+veh_body 
211 
210 
208 
329.87 
271.15 
259.24 
8.4175 
67.137 
70.632 
2 
3 
3 
 
According to the analysis of deviance, the best model is 1+agecat+veh_value+veh_body. Table 2 gives the 
estimated parameters of our model. 
 
Table 2. The estimate of parameters of our model 
Coefficients:    
                 (Intercept) veh_body2 veh_body3     veh_body4    
  -1.840351 -0.021926 -0.231906 -0.284195 
veh_value2 veh_value3   agecat2 agecat3 
-0.002991 -0.108345 0.117347 0.264975   
 
3.2. Resulting risk classification for our portfolio 
 
Table 3 gives the resulting price list obtained based on the chosen model. “Yes” indicates the presence of the 
characteristic corresponding to the column. The final a priori ratemaking contains 36 classes. Table 3 gives the 
estimated expected annual claim frequencies and the relative importance of each risk class. 
 
4. The Bonus-Malus system  
 
Even with a priori segmentation, some heterogeneity remains within the risk classes. This is a residual 
heterogeneity with a random effect ȣ௜. It can be caused by unobservable variables, such as driving capacity, drug, 
etc. For these reasons, insurance companies approach to individualization of risk and they use the BM system.  
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Table 3. A priori risk classification for our portfolio 
Risk Class Age category Vehicle value Vehicle body type Exp. annual 
Claim freq.(%) 
Weights(%) 
 
 1 2 3 1 2 3 1 2 3 4   
1 Yes No No Yes No No Yes No No No 15.88 1.35 
2 Yes No No Yes No No No Yes No No 15.53 0.37 
3 Yes No No Yes No No No No Yes No 12.59 1.04 
4 Yes No No Yes No No No No No Yes 11.95 0.23 
5 Yes No No No Yes No Yes No No No 15.83 6.98 
6 Yes No No No Yes No No Yes No No 15.49 3.24 
7 Yes No No No Yes No No No Yes No 12.55 5.49 
8 Yes No No No Yes No No No No Yes 11.91 3.02 
9 Yes No No No No Yes Yes No No No 14.25 0.10 
10 Yes No No No No Yes No Yes No No 13.94 1.62 
11 Yes No No No No Yes No No Yes No 11.30 0.47 
12 Yes No No No No Yes No No No Yes 10.72 3.54 
13 No Yes No Yes No No Yes No No No 17.85 2.34 
14 No Yes No Yes No No No Yes No No 17.47 0.67 
15 No Yes No Yes No No No No Yes No 14.16 2.48 
16 No Yes No Yes No No No No No Yes 13.44 0.61 
17 No Yes No No Yes No Yes No No No 17.80 9.86 
18 No Yes No No Yes No No Yes No No 17.41 4.74 
19 No Yes No No Yes No No No Yes No 14.12 11.49 
20 No Yes No No Yes No No No No Yes 13.40 5.52 
21 No Yes No No No Yes Yes No No No 16.02 0.15 
22 No Yes No No No Yes No Yes No No 15.67 1.85 
23 No Yes No No No Yes No No Yes No 12.70 1.19 
24 No Yes No No No Yes No No No Yes 12.06 6.19 
25 No No Yes Yes No No Yes No No No 20.69 1.67 
26 No No Yes Yes No No No Yes No No 20.24 0.43 
27 No No Yes Yes No No No No Yes No 16.41 1.82 
28 No No Yes Yes No No No No No Yes 15.57 0.29 
29 No No Yes No Yes No Yes No No No 20.63 5.37 
30 No No Yes No Yes No No Yes No No 20.18 1.81 
31 No No Yes No Yes No No No Yes No 16.36 7.94 
32 No No Yes No Yes No No No No Yes 15.53 2.08 
33 No No Yes No No Yes Yes No No No 18.57 0.06 
34 No No Yes No No Yes No Yes No No 18.17 0.67 
35 No No Yes No No Yes No No Yes No 14.72 0.84 
36 No No Yes No No Yes No No No Yes 13.97 2.48 
 
We can denote by s the number of levels in our BM system. The levels κ are numbered from 1 to s. Claims are 
penalized by malus points (the driver goes up a certain number of levels each time he files a claim). Each claim-free 
year is rewarded by bonus point (the driver goes one level down). 
We assume that the knowledge of present level and of the number of claims of the present year suffices to 
determine the next level and that the annual claims numbers are independent. Then the trajectory across the BM 
levels may be represented by a Markov chain. 
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Let ሼܮଵሺߴሻǡ ܮଶሺߴሻǡ ǥ ሽ denote the trajectory dependent on the annual expected claim frequency ࣖ. Let ࢖κଵκଶሺࣖሻ 
be the probability of moving from level κଵto level κଶ for policyholder with mean frequency ࣖ. 
Further, ࡼሺߴሻ is the one-step transition matrix, thus 
 
ࡼሺߴሻ ൌ ሼ݌κଵκଶሺߴሻሽǡκଵǡ κଶ ൌ ͳǡʹǡ ǥ ݏǤ 
 
4.1. Behaviour of BM system 
 
All BM systems have the best level, with the property that a policy in that level remains in the same level after a 
claim-free period. We can define the stationary distribution ࣊ሺߴሻ ൌ  ൫ߨ଴ሺߴሻǡ ߨଵሺߴሻǡ ǥ ǡ ߨ௦ሺߴሻ൯Ԣ as follows:ߨκሺߴሻ is 
the stationary probability for policyholder with mean frequency ࣖ to be in level κ, thus  
ߨκଶሺߴሻ ൌ ௡՜ஶ ݌κଵκଶ
௡ ሺߴሻǤ 
 
Stationary probability ࣊ሺߴሻ does not depend on the starting level. We can compute the ࣊ሺߴሻ as a solution of the 
system 
൜࣊Ԣሺߴሻ ൌ ࣊Ԣሺߴሻࡼሺߴሻ࣊Ԣሺߴሻࢋ ൌ ͳǡ  
whereࢋ ൌ ሺͳǡͳǡ ǥ ǡͳሻǤ 
 
4.2. The residual heterogeneity 
 
We assume that residual heterogeneity has random effect ȣ௜. Further we assume that number of claims ௜ܰ obeys 
a mixture of Poisson distribution, where the random parameter expresses the residual heterogeneity, that is 
 
ሾ ௜ܰ ൌ ݇ȁȣ௜ ൌ ߠሿ ൌ ሺെߣ௜ߠሻ
ሺߣ௜ߠሻ௞
݇Ǩ ǡ݇ ൌ Ͳǡͳǡʹǡ ǥ 
 
The ȣ௜ are assumed to be independent and to have common gamma density function  
 
ݑሺߠሻ ൌ ͳȞሺܽሻ ܽ
௔ߠ௔ିଵሺെܽߠሻǡ Ʌ ൐ ͲǤ 
 
Then ௜ܰ is negative binomially distributed and ሾȣ௜ሿ ൌ ͳ, ܸܽݎሾȣ௜ሿ ൌ ଵ௔Ǥ  
Now we have to estimate ܽ. A consistent estimator is given by 
 
ͳ
ොܽ ൌ
σ ቄ൫݊௜ െ ߣప෡൯ଶ െ ݊௜ቅ௡௜ୀଵ
σ ߣపଶ෢௡௜ୀଵ
Ǥ 
 
For our portfolio described previously the estimate of the parameter ܽ is ොܽ ൌ ͳǤͲͳͺͷǤ 
 
 
 
4.3. Bayesian relative premium 
 
The relativity associated with level κ is denote as ࢘र. Insured occupying the level κ pays an amount of premium 
equal to ࢘र% of the a priori premium determined on the basis of his observable characteristics. The aim is to make 
࢘र as close as possible to the risk factor ȣ of a policyholder picked at random from the portfolio. For this purpose, 
the minimization of 
ሾሺȣ െ ݎ௅ሻଶሿ 
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is most commonly used.  
We assume that we pick at random a policyholder from the portfolio. We denote as Ȧ his a priori expected claim 
frequency and ȣ the residual effect of the hidden risk factors. Then the actual expected claim frequency of the 
policyholder is Ȧȣ. The random variable Ȧand ȣ may reasonably be assumed to be mutually independent. We 
denote ݓ௞ the weight of the ݇th risk class whose annual expected claim frequency is ߣ௞. Then  
ሾȦ ൌ ߣ௞ሿ ൌ ݓ௞Ǥ 
We denote ܮ the level occupied by this randomly picked policyholder who has a stationary position in level κǤ Then 
 
ሾܮ ൌ κሿ ൌ ෍ݓ௞ න ߨκሺߣ௞ߠሻݑሺߠሻߠ
ஶ
଴
ǡκ ൌ Ͳǡͳǡ ǥ ݏ
௞௟
ǡ 
 
where ߨκሺߣ௞ߠሻ ൌ ሾܮ ൌ κȁȦ ൌ ߣ௞ǡ ȣ ൌ ߠሿǤ 
Now we can estimate ࢘र as the minimum of ሾሺȣ െ ݎ௅ሻଶሿǤ We get 
ݎκ ൌ
σ ݓ௞ ׬ ߠߨκሺߣ௞ߠሻݑሺߠሻߠஶ଴௞
σ ݓ௞ ׬ ߨκሺߣ௞ߠሻݑሺߠሻߠஶ଴௞
 ሺͳሻ 
 
 
4.4. The relative premium for our portfolio 
 
Consider the BM system which has 6 levels. Policyholders are rewarded for each claim-free year by one bonus 
class and they lose all premium reduction after a claim (they are transferred to level 6).  The best level is level 1. 
The policyholders start at level 6.  
The results for this BM system and our portfolio are displayed in Table 4. Relative premium is computed with the 
help of (1) with ොܽ ൌ ͳǤͲͳͺͷ and the ߣመ௞s from Table 3. 
 
             Table 4. Relative premium for our portfolio 
Level र ۾ሾࡸ ൌ रሿ ࢘र 
1 55.91% 58.55% 
2 5.46% 118.6% 
3 6.68% 130.1% 
4 8.13% 144.2% 
5 10.34% 161.9% 
6 13.48% 185.0% 
 
We can see that 55.91%  of the policies occupy level 1 and these policyholders have maximum discount and pay 
only 58.55%  of the a priori premium. The relativity attached to the highest level is 185%  and 13.48% of 
policyholders pay it.  
 
5. Conclusion 
  
In this article we have shown the estimate of a priori annual claim frequency and application of bonus-malus system 
in the vehicle insurance.  The GLM models and analysis of deviance has been used for the creation of a priori 
segmentation of our insurance portfolio. The importance of three factors (age category, vehicle value, vehicle body 
type) has been shown. Then the bonus-malus system has been used and relative premium has been computed. 
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